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Abstract
The local and manifestly covariant Lagrangian interactions in four
spacetime dimensions that can be added to a “free” model that de-
scribes a generic matter theory and an abelian BF theory are con-
structed by means of deforming the solution to the master equation
on behalf of specific cohomological techniques.
PACS number: 11.10.Ef
1 Introduction
A big step in the progress of the BRST formalism was its cohomological
understanding [1]–[16], which allowed, among others, a useful investigation of
many interesting aspects related to the perturbative renormalization problem
[17]–[21], anomaly-tracking mechanism [21]–[26], simultaneous study of local
and rigid symmetries of a given theory [27], as well as to the reformulation of
the construction of consistent interactions in gauge theories [28]–[32] in terms
of the deformation theory [33]–[37], or, actually, in terms of the deformation
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of the solution to the master equation. There is a large variety of models
of interest in theoretical physics, which have been investigated in the light
of the deformation of the master equation [38]–[65]. Some of them focus on
the class of BF-like theories [66]. On the one hand, interacting BF theories
are related to Chern-Simons-Witten gravity or topological two-branes with
nonzero three-form. On the other hand, such theories are important in view
of their relationship with Poisson Sigma Models, which are known to explain
interesting aspects of two-dimensional gravity, including the study of classical
solutions [67]–[76].
In this paper we construct the local and manifestly covariant interactions
in four spacetime dimensions that can be added to a “free” model that de-
scribes a generic matter theory uncoupled to an abelian BF theory [66], by
means of deforming the solution to the master equation with the help of spe-
cific cohomological techniques. The field sector of the four-dimensional BF
model consists in one scalar field, two vector fields and one two-form. Our
main result is that we can truly couple the BF fields to the matter ones in
spite of the absence of physical degrees of freedom in the BF model. Thus,
the subject of our paper subscribes to the constant aim of extending the
couplings of more general gauge theories to matter fields.
Our strategy goes as follows. Initially, we generate the “free” Lagrangian
BRST symmetry (s), which decomposes as the sum between the Koszul-Tate
differential and the exterior longitudinal derivative only. The starting model
is abelian and second-stage reducible, with the reducibility relations holding
off-shell. The only supplementary assumption regards the matter theory
from the perspective of displaying a Cauchy order equal to one. Nevertheless,
this hypothesis is quite natural, since all the usual matter theories fulfill it.
Next, we solve the main equations that govern the Lagrangian deformation
procedure on behalf of the BRST cohomology of the free theory. In this
light, we firstly compute, using specific cohomological techniques, the first-
order deformation of the solution to the master equation, which lies in the
cohomological space of s modulo the exterior spacetime derivative (d) at
ghost number zero, H0 (s|d). The first-order deformation stops at antighost
number four and is parametrized by two arbitrary functions involving only
the undifferentiated scalar field, which we denote by M (ϕ) and W (ϕ). Its
consistency demands that MW = 0, and hence two distinct situations arise.
(I) The first one corresponds to M = 0 and W arbitrary. In this situation,
there appear effective couplings between the matter fields and the BF ones
if the matter theory possesses bosonic one-parameter rigid symmetries that
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result in non-trivial conserved currents. From the inspection of the deformed
solution to order one in the coupling constant we obtain that the interacting
theory exhibits the following general features:
(i) all the gauge transformations of the fields from the BF sector are modified,
excepting those of the vector field with original U(1) gauge symmetry, which
remain U(1)-abelian and, moreover, the gauge transformations of the other
vector field include some terms that depend on the matter fields through
the derivative of an arbitrary ‘background’ potential of the undifferentiated
scalar field;
(ii) the matter fields gain gauge transformations, which at the first order
in the deformation parameter are nothing but the gauge version of the one-
parameter rigid symmetry multiplied by the arbitrary ‘background’ potential;
(iii) the first-order interactions vertices are of two kinds— one is responsible
for the self-interactions among the BF fields, while the other couples the
matter fields to the U(1)-abelian vector field from the BF model precisely
through the conserved current from the matter theory and the ‘background’
potential (to be called generalized minimal coupling);
(iv) if the conserved current is not invariant under the gauge version of the
rigid symmetry, then there appear at least second-order interaction vertices,
which truly couple the matter fields to the BF ones, and further restrictions
on the ‘background’ potential are expected. Otherwise, the deformation
comprises first-order couplings;
(v) the deformed gauge algebra is open (unlike the initial theory, which is
abelian);
(vi) the new gauge transformations are second-stage reducible, like the orig-
inal ones, but the reducibility relations only hold on-shell.
(II) The second situation is described by W = 0 and M arbitrary. Then,
we find that there are no effective couplings between the BF and the matter
fields. The first-order deformation is also consistent to higher-orders, which
can be taken to vanish. The deformation procedure simply adds to the
free Lagrangian a “mass”-like term for the two-form. Related to the gauge
transformations, only those of the one-forms change with respect to the “free”
model. Accordingly, the gauge algebra becomes open, and the first-order
reducibility relations take place on-shell, while the second-order ones are not
modified with respect to the “free” model.
The paper is organized into five sections. Section 2 briefly reviews the La-
grangian procedure of adding consistent interactions in gauge theories based
on the deformation of the solution to the master equation. In Section 3 we
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construct the interactions announced in the above, and withdraw the La-
grangian gauge structure of the coupled models. In section 4 we apply the
theoretical part of the paper to two models of interest, where the role of the
matter fields is played by the complex scalar field, respectively, by the mas-
sive spin 3/2 field. Naturally, we restrict ourselves to the situation where we
can couple the matter fields to the BF ones in a non-trivial manner. Section
5 ends the paper with the main conclusions.
2 Deformation of the master equation: a brief
review
We begin with a “free” gauge theory, described by a Lagrangian action
S0 [Φ
α0 ], invariant under some gauge transformations
δǫΦ
α0 = Zα0α1ǫ
α1 ,
δS0
δΦα0
Zα0α1 = 0, (1)
and consider the problem of constructing consistent interactions among the
fields Φα0 such that the couplings preserve the field spectrum and the orig-
inal number of gauge symmetries. This matter is addressed by means of
reformulating the problem of constructing consistent interactions as a de-
formation problem of the solution to the master equation corresponding to
the “free” theory [33], [36]. Such a reformulation is possible due to the fact
that the solution to the master equation contains all the information on the
gauge structure of the theory. If a consistent interacting gauge theory can
be constructed, then the solution S¯ to the master equation associated with
the “free” theory,
(
S¯, S¯
)
= 0, can be deformed into a solution S,
S¯ → S = S¯ + gS1 + g
2S2 + · · · =
S¯ + g
∫
dDx a+ g2
∫
dDx b+ · · · , (2)
of the master equation for the deformed theory
(S, S) = 0, (3)
such that both the ghost and antifield spectra of the initial theory are pre-
served. The symbol (, ) denotes the antibracket. The equation (3) splits,
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according to the various orders in the coupling constant (or deformation pa-
rameter) g, into (
S¯, S¯
)
= 0, (4)
2
(
S1, S¯
)
= 0, (5)
2
(
S2, S¯
)
+ (S1, S1) = 0, (6)(
S3, S¯
)
+ (S1, S2) = 0, (7)
...
The equation (4) is fulfilled by hypothesis. The next one requires that the
first-order deformation of the solution to the master equation, S1, is a cocycle
of the “free” BRST differential s· =
(
·, S¯
)
. However, only cohomologically
non-trivial solutions to (5) should be taken into account, as the BRST-exact
ones can be eliminated by a (in general non-linear) field redefinition. This
means that S1 pertains to the ghost number zero cohomological space of s,
H0 (s), which is generically nonempty due to its isomorphism to the space
of physical observables of the “free” theory. It has been shown in [33], [36]
(on behalf of the triviality of the antibracket map in the cohomology of the
BRST differential) that there are no obstructions in finding solutions to the
remaining equations ((6–7), etc.). However, the resulting interactions may
be nonlocal, and there might even appear obstructions if one insists on their
locality. The analysis of these obstructions can be done with the help of
cohomological techniques. As it will be seen below, all the interactions in
the case of the model under study turn out to be local.
3 Couplings among a BF theory and matter
fields from BRST cohomology
In this section we determine the local and manifestly covariant Lagrangian
interactions that can be added to a “free” theory that describes a generic
matter theory plus a topological model of BF-type in four spacetime dimen-
sions. This is done by means of solving the deformation equations (5–7), etc.,
by means of specific cohomological techniques. The interacting theory and
its gauge structure are deduced from the analysis of the deformed solution
to the master equation that is consistent to all orders in the deformation
parameter.
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3.1 Free BRST differential
We start from a “free” four-dimensional theory whose Lagrangian action is
written as the sum between the action for a matter theory and the action
for a topological BF theory involving one scalar field, two one-forms and one
two-form
S0[A
µ, Hµ, ϕ, Bµν , yi] =
∫
d4x
(
Hµ∂
µϕ+
1
2
Bµν∂[µAν]
+Lmatt0
(
yi, ∂µy
i, · · ·
))
≡
∫
d4x
(
LBF0 + L
matt
0
)
, (8)
and suppose that the matter theory displays no non-trivial gauge symmetries.
We work with a Minkowski-flat metric tensor of ‘mostly minus’ signature
gµν = gµν = (+−−−). The Grassmann parity of a given matter field
yi will be denoted by εi. In addition, we make the assumption that L
matt
0
decomposes like
Lmatt0 = L
free
0 + L
int
0 , (9)
where its free part, Lfree0 , is quadratic in the fields y
i and of maximum order
two in their spacetime derivatives, while its interacting part, Lint0 , if present,
is no more than a polynomial in the undifferentiated fields. This assumption
combined with the absence of gauge invariance for Lmatt0 leads to the result
that the matter sector is described by a so-called normal theory, of Cauchy
order equal to one. This is not a restrictive condition, but merely a natural
one, since all usual matter theories (like, for instance, those of spin 0, 1/2 or
3/2) satisfy it. In turn, it enables one to control in a consistent manner the
local cohomology of the BRST differential associated with S0.
Action (8) is found invariant under the gauge transformations
δǫA
µ = ∂µǫ, δǫH
µ = 2∂νǫ
µν , δǫϕ = 0, δǫB
µν = −3∂ρǫ
µνρ, δǫy
i = 0, (10)
where the gauge parameters ǫ, ǫµν and ǫµνρ are bosonic, with ǫµν and ǫµνρ
completely antisymmetric. From (10), we read the non-vanishing gauge gen-
erators
(Zµ(A))(x, x
′) = ∂µx δ
4(x− x′), (Zµ(H))αβ(x, x
′) = −∂x[α δ
µ
β]δ
4(x− x′), (11)
(Zµν(B))αβγ(x, x
′) = −
1
2
∂x[α δ
µ
βδ
ν
γ]δ
4(x− x′), (12)
where we put an extra lower index ((A), (H), etc.) in order to indicate
with what field is a certain gauge generator associated. Everywhere in this
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paper we use the convention that the notation [αβ · · · γ] signifies complete
antisymmetry with respect to the Lorentz indices between brackets, with no
additional numerical factor. The above gauge transformations are abelian
and off-shell second-order reducible. More precisely, the gauge generators
of the one-form Hµ are second-order reducible, with the first-, respectively,
second-order reducibility functions
(Zαβ1 )µ′ν′ρ′(x, x
′) = −
1
2
∂x[µ′ δ
α
ν′δ
β
ρ′]δ
4(x− x′), (13)
(Zµ
′ν′ρ′
2 )α′β′γ′δ′(x, x
′) = −
1
6
∂x[α′ δ
µ′
β′δ
ν′
γ′δ
ρ′
δ′]δ
4(x− x′), (14)
while the gauge generators of the two-form Bµν are first-order reducible, with
the reducibility functions
(Zαβγ1 )µ′ν′ρ′λ′(x, x
′) = −
1
6
∂x[µ′ δ
α
ν′δ
β
ρ′δ
γ
λ′]δ
4(x− x′), (15)
such that the concrete form of the first- and second-order reducibility rela-
tions written in condensed De Witt notations are expressed by
(Zµ(H))αβ(Z
αβ
1 )µ′ν′ρ′ = 0, (Z
µν
(B))αβγ(Z
αβγ
1 )µ′ν′ρ′λ′ = 0, (16)
respectively,
(Zαβ1 )µ′ν′ρ′(Z
µ′ν′ρ′
2 )α′β′γ′δ′ = 0. (17)
We observe that the BF theory alone is a usual linear gauge theory (its field
equations are linear in the fields and first-order in their spacetime deriva-
tives), whose generating set of gauge transformations is second-order re-
ducible, such that we can define in a consistent manner its Cauchy order,
which is found equal to four.
In order to construct the BRST symmetry of this “free” theory, we intro-
duce the field/ghost and antifield spectra
Φα0 =
(
Aµ, Hµ, ϕ, Bµν , yi
)
, Φ∗α0 =
(
A∗µ, H
∗
µ, ϕ
∗, B∗µν , y
∗
i
)
, (18)
ηα1 = (η, Cµν , ηµνρ) , η∗α1 =
(
η∗, C∗µν , η
∗
µνρ
)
, (19)
ηα2 =
(
Cµνρ, ηµνρλ
)
, η∗α2 =
(
C∗µνρ, η
∗
µνρλ
)
, (20)
ηα3 = Cµνρλ, η∗α3 = C
∗
µνρλ. (21)
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The fermionic ghosts ηα1 respectively correspond to the bosonic gauge pa-
rameters ǫα1 = (ǫ, ǫµν , ǫµνρ), the bosonic ghosts for ghosts ηα2 are due to the
first-order reducibility relations (16), while the fermionic ghosts for ghosts
for ghosts ηα3 are required by the second-order reducibility relations (17).
The star variables represent the antifields of the corresponding fields/ghosts.
Their Grassmann parities are obtained via the usual rule
ε (χ∗) = (ε (χ) + 1)mod 2,
where we employed the notations
χ = (Φα0 , ηα1, ηα2, ηα3) , χ∗ =
(
Φ∗α0 , η
∗
α1
, η∗α2 , η
∗
α3
)
. (22)
Since both the gauge generators and the reducibility functions are field-
independent, it follows that the BRST differential reduces to
s = δ + γ, (23)
where δ is the Koszul-Tate differential, and γ means the exterior longitudinal
derivative. The Koszul-Tate differential is graded in terms of the antighost
number (agh, agh (δ) = −1, agh (γ) = 0) and enforces a resolution of the
algebra of smooth functions defined on the stationary surface of field equa-
tions for action (8), C∞ (Σ), Σ : δS0/δΦ
α0 = 0. The exterior longitudinal
derivative is graded in terms of the pure ghost number (pgh, pgh (γ) = 1,
pgh (δ) = 0) and is correlated with the original gauge symmetry via its coho-
mology at pure ghost number zero computed in C∞ (Σ), which is isomorphic
to the algebra of physical observables for the “free” theory. The two degrees
of the generators (18–21) from the BRST complex are valued like
pgh (Φα0) = 0, pgh (ηα1) = 1, pgh (ηα2) = 2, pgh (ηα3) = 3, (24)
pgh
(
Φ∗α0
)
= pgh
(
η∗α1
)
= pgh
(
η∗α2
)
= pgh
(
η∗α3
)
= 0, (25)
agh (Φα0) = agh (ηα1) = agh (ηα2) = agh (ηα3) = 0, (26)
agh
(
Φ∗α0
)
= 1, agh
(
η∗α1
)
= 2, agh
(
η∗α2
)
= 3, agh
(
η∗α3
)
= 4, (27)
where the actions of δ and γ on them read as
δΦα0 = δηα1 = δηα2 = δηα3 = 0, (28)
δA∗µ = ∂
νBνµ, δH
∗
µ = −∂µϕ, δϕ
∗ = ∂µHµ, δB
∗
µν = −
1
2
∂[µAν], (29)
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δy∗i = −
δLLmatt0
δyi
, δη∗ = −∂µA∗µ, δC
∗
µν = ∂[µH
∗
ν], (30)
δη∗µνρ = ∂[µB
∗
νρ], δC
∗
µνρ = −∂[µC
∗
νρ], (31)
δη∗µνρλ = −∂[µη
∗
νρλ], δC
∗
µνρλ = ∂[µC
∗
νρλ], (32)
γΦ∗α0 = γη
∗
α1
= γη∗α2 = γη
∗
α3
= 0, (33)
γAµ = ∂µη, γHµ = 2∂νC
µν , γBµν = −3∂ρη
µνρ, γϕ = γyi = 0, (34)
γη = 0, γCµν = −3∂ρC
µνρ, γηµνρ = 4∂λη
µνρλ, (35)
γCµνρ = 4∂λC
µνρλ, γηµνρλ = γCµνρλ = 0. (36)
The overall degree of the BRST complex is named ghost number (gh)
and is defined like the difference between the pure ghost number and the
antighost number, such that gh (s) = 1. The BRST symmetry admits a
canonical action s· =
(
·, S¯
)
, where its canonical generator (gh
(
S¯
)
= 0,
ε
(
S¯
)
= 0) satisfies the classical master equation
(
S¯, S¯
)
= 0. In the case of
the “free” theory under discussion, the solution to the master equation takes
the form
S¯ = S0 +
∫
d4x
(
A∗µ∂
µη + 2H∗µ∂νC
µν − 3B∗µν∂ρη
µνρ
−3C∗µν∂ρC
µνρ + 4η∗µνρ∂λη
µνρλ + 4C∗µνρ∂λC
µνρλ
)
. (37)
The solution to the master equation encodes all the information on the gauge
structure of a given theory. We remark that in our case the solution (37)
to the master equation breaks into terms with antighost numbers ranging
from zero to three. The piece with antighost number zero is nothing but the
Lagrangian action (8), while the elements of antighost number one include
the gauge generators (11–12). If the gauge algebra is non-abelian, then there
appear terms linear in the antighost number two antifields and quadratic in
the pure ghost number one ghosts. The absence of such terms in our case
reflects that the gauge transformations are abelian. The terms from (37) with
higher antighost number give us information on the reducibility functions
(13–15). If the reducibility relations held on-shell, then there would appear
components linear in the ghosts for ghosts (ghosts of pure ghost number
strictly greater than one) and quadratic in the various antifields. Such pieces
are not present in (37), since the reducibility relations hold off-shell. Other
possible components in the solution to the master equation offer information
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on the higher-order structure functions related to the tensor gauge structure
of the theory. There are no such terms in (37), as a consequence of the fact
that all higher-order structure functions vanish for the theory under study.
3.2 First-order deformations
Initially, we approach the first-order deformation of the solution to the master
equation, described by the equation (5). In local form, it becomes
sa = ∂µn
µ, (38)
for some local nµ (where we maintained the notations from (2)), so it requires
that a is a s-cocycle modulo d. In order to solve this equation, we develop a
according to the antighost number,
a = a0+ a1+ · · ·+ aI , agh (aJ) = J, gh (aJ) = 0, ε (aJ) = 0, J = 0, I. (39)
The number of terms in the expansion (39) is finite and it can be shown that
we can take the last term in a to be annihilated by γ,
γaI = 0. (40)
The fact that the free BRST differential is just the sum of δ and γ (see (23)),
and so it is not an infinite formal series of derivations with arbitrarily high
antighost number (as it can a priori occur for an arbitrary gauge system
with an open gauge algebra), argues that the non-integrated density of the
first-order deformation a can be assumed, without loss of generality, to have
a bounded antighost number, say I. A more rigorous proof of the validity
of this result can be obtained by following the line from [41] under the sole
assumption that the first-order deformation of the Lagrangian a0 has a finite
(but otherwise arbitrary) derivative order. More precisely, one can prove that
the analogue of Theorem 3.1 therein is valid for the “free” model considered in
this paper. This can be done by introducing an even derivation K = N∂+A,
where N∂ is the operator counting the derivatives of all the variables and A
gives various weights to the antifields and ghosts, such that both γ and δ
have only components of non positive K-degree. In our case it is possible to
define A such that γ and δ actually reduce to their components of zero K-
degree. The result that the term of highest antighost number in (39) aI can
be taken to satisfy (40) rather than the obvious equation γaI = ∂µu
µ that
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follows from (38) (with a replaced by (39)) projected on antighost number I
can be proven like in [58] (see Section 3 and also the Appendix A.1 therein)
and is related to the triviality of the invariant cohomology of the exterior
spacetime differential d in form degree less than four and in strictly positive
antighost number.
Consequently, we need to compute the cohomology of γ, H (γ), in order
to determine the component of highest antighost number in a. From (33–36)
it is simple to see that H (γ) is spanned by F µν = ∂[µAν], ∂µH
µ, ϕ, ∂µB
µν ,
yi, and the antifields χ∗ from (22), by their spacetime derivatives, as well as
by the undifferentiated ghosts ηA1 =
(
η, ηµνρλ, Cµνρλ
)
. (The derivatives of
the ghosts ηA1 are removed from H (γ) since they are γ-exact, in agreement
with the first relation in (34), the last formula in (35), respectively, the first
definition from (36).) If we denote by eM
(
ηA1
)
the elements with pure ghost
number M of a basis in the space of the polynomials in the ghosts ηA1 , it
follows that the general solution to the equation (40) takes the form
aI = µI
(
[F µν ] , [∂µH
µ] , [ϕ] , [∂µB
µν ] ,
[
yi
]
, [χ∗]
)
eI
(
ηA1
)
, (41)
where agh (µI) = I and pgh
(
eI
)
= I. The notation f ([q]) means that f
depends on q and its spacetime derivatives up to a finite order. The equation
(38) projected on antighost number (I − 1) becomes
δaI + γaI−1 = ∂
µ
(I−1)
m µ . (42)
Replacing (41) in (42), it follows that the last equation possesses solutions
with respect to aI−1 if the coefficients µI pertain to the homological space
HI (δ|d), i.e., δµI = ∂µl
µ
I−1. In order to analyze the local homology of the
Koszul-Tate differential, H (δ|d), we observe that the form (8) of the “free”
Lagrangian action together with the definitions (28–32) enable us to analyse
HJ (δ|d) in terms of the local homologies H
matt
J (δ|d) and H
BF
J (δ|d), where
the last local homologies refer to the Koszul-Tate operator that acts non-
trivially only in the matter sector, respectively, only in the BF one1. In the
light of the general results from [77]–[78], the assumption on the behavior of
1Indeed, we can decompose δ like δ = δmatt + δBF, where δmatt (matter variables) =
δ (matter variables) and δmatt (BF variables) = 0, respectively, δBF (matter variables) = 0
and δBF (BF variables) = δ (BF variables). According to this decomposition, Hmatt (δ|d)
and HBF (δ|d) must be understood only as some more suggestive notations for H (δmatt|d)
and H
(
δBF|d
)
respectively.
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the matter theory, more precisely on its Cauchy order, which was supposed to
be equal to one, combined with the fact that the BF component is separately
described by a linear theory of Cauchy order equal to four, guarantee that
HmattJ (δ|d) = 0, J > 1. (43)
HBFJ (δ|d) = 0, J > 4, (44)
such that we conclude that HJ (δ|d) = 0 for J > 4, and, moreover, HJ (δ|d) =
HBFJ (δ|d) for J = 2, 3, 4. However, in principle the representatives ofH1 (δ|d)
cannot be written like sums between representatives of Hmatt1 (δ|d) and of
HBF1 (δ|d), such that their study deserves special attention. Nevertheless, we
can assume that the first-order deformation stops at antighost number four
(I = 4)
a = a0 + a1 + a2 + a3 + a4, (45)
where a4 is of the form (41), with µ4 from H4 (δ|d) = H
BF
4 (δ|d). This means
that the matter theory cannot be involved with the components (aJ)J=2,3,4.
It acts non-trivially only at antighost number one, where its contribution to
a1 can be introduced precisely via the ‘homogeneous’ equation γa¯1 = 0. This
already eliminates the dependence on yi, y∗i and their spacetime derivatives
from (41) for I → J = 2, 3, 4.
By direct computation, we infer that the most general representative of
HBF4 (δ|d) can be taken of the type
(µ4)µνρλ =
δW
δϕ
C∗µνρλ +
δ2W
δϕ2
H∗[µC
∗
νρλ] +
δ2W
δϕ2
C∗[µνC
∗
ρλ]
+
δ3W
δϕ3
H∗[µH
∗
νC
∗
ρλ] +
δ4W
δϕ4
H∗µH
∗
νH
∗
ρH
∗
λ, (46)
with W = W (ϕ) an arbitrary function depending on the undifferentiated
scalar field. On the other hand, the elements of pure ghost number equal to
four of the basis in the ghosts ηA1 are
ηCµνρλ, ηαβγδηα
′β′γ′δ′ . (47)
In order to couple (46) to the second element in (47) like in (41) we need
some completely antisymmetric constants, which, by covariance arguments,
can only be proportional with the completely antisymmetric four-dimensional
symbol, εαβγδ. Apparently, there are several possibilities to realize such cou-
plings. However, all these possibilities lead to the same result, such that
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there is in fact a single independent manner in which (46) can be “glued”
to the latter basis elements in (47), and thus the most general (manifestly
covariant) form of the last representative from the expansion (45) will be
a4 =
(
δW
δϕ
C∗µνρλ +
δ2W
δϕ2
H∗[µC
∗
νρλ] +
δ2W
δϕ2
C∗[µνC
∗
ρλ]
+
δ3W
δϕ3
H∗[µH
∗
νC
∗
ρλ] +
δ4W
δϕ4
H∗µH
∗
νH
∗
ρH
∗
λ
)
ηCµνρλ
+
1
2
(
δM
δϕ
C∗µνρλ +
δ2M
δϕ2
H∗[µC
∗
νρλ] +
δ2M
δϕ2
C∗[µνC
∗
ρλ]
+
δ3M
δϕ3
H∗[µH
∗
νC
∗
ρλ] +
δ4M
δϕ4
H∗µH
∗
νH
∗
ρH
∗
λ
)
ηµνρλεαβγδη
αβγδ, (48)
where the numerical factor 1/2 in the second term was taken for convenience,
and the functions W and M are two arbitrary functions of the undifferen-
tiated scalar field. By computing the action of δ on a4 and by taking into
account the relations (33–36), it follows that the solution of the equation (42)
for I = 4 is precisely given by
a3 = −
(
δW
δϕ
C∗νρλ +
δ2W
δϕ2
H∗[νC
∗
ρλ] +
δ3W
δϕ3
H∗νH
∗
ρH
∗
λ
)
×
×
(
4AµC
µνρλ + ηCνρλ
)
+ 2Wη∗µνρλC
µνρλ − 8
δW
δϕ
H∗λη
∗
µνρC
µνρλ
+12
(
δW
δϕ
C∗ρλ +
δ2W
δϕ2
H∗ρH
∗
λ
)
B∗µνC
µνρλ −
(
δM
δϕ
C∗νρλ
+
δ2M
δϕ2
H∗[νC
∗
ρλ] +
δ3M
δϕ3
H∗νH
∗
ρH
∗
λ
)
ηνρλεαβγδη
αβγδ. (49)
By means of the equation (38) projected on antighost number two
δa3 + γa2 = ∂
µ
(2)
mµ, (50)
the solution (49) and the definitions (33–36) lead to
a2 =
(
δW
δϕ
C∗µν +
δ2W
δϕ2
H∗µH
∗
ν
)(
−3AλC
µνλ + ηCµν
)
−2
(
3
δW
δϕ
H∗λB
∗
µν +Wη
∗
µνλ
)
Cµνλ +
((
δM
δϕ
C∗ρλ +
δ2M
δϕ2
H∗ρH
∗
λ
)
Bρλ
13
+2
(
δM
δϕ
H∗µA
∗µ −Mη∗
))
εαβγδη
αβγδ
−
9
4
(
δM
δϕ
C∗ρλ +
δ2M
δϕ2
H∗ρH
∗
λ
)
εαβγδη
ραβηλγδ. (51)
Next, we investigate the equation (38) projected on antighost number one
δa2 + γa1 = ∂
µ
(1)
mµ, (52)
which combined with (51) further yields
a1 =
δW
δϕ
H∗µ (2AνC
µν −Hµη) +W
(
2B∗µνC
µν + ϕ∗η
)
+2
(
δM
δϕ
H∗ρB
ρα −MA∗α
)
εαβγδη
βγδ + a¯1, (53)
where
a¯1 =
(
B∗µνT
µν
([
ω∆
])
+ A∗µT˜
µ
([
ω∆
])
+ ϕ∗T
([
ω∆
])
+H∗µT
µ
([
ω∆
])
+ y∗i T¯
i
([
ω∆
]))
η, (54)
with
ω∆ =
(
yi, ϕ, F µν , ∂µH
µ, ∂µB
µν
)
. (55)
The term (54) added in the right hand-side of (53) appears as the general
solution to the ‘homogeneous’ equation γa¯1 = 0
2 and takes into account
the fact that both the BF and matter theories are involved with the local
homology of the Koszul-Tate differential at antighost number one. Its form
is given by the general solution (41) for I = 1. Such terms correspond
to a¯2 = 0 and thus they do not modify either the gauge algebra or the
reducibility functions, but only the gauge transformations of the interacting
theory.
In order to solve the equation (38) at antighost number zero
δa1 + γa0 = ∂
µ
(0)
mµ, (56)
2The triviality of the invariant cohomology of the exterior spacetime differential d in
form degree less than four and in strictly positive antighost number guarantees that one
can always replace the equation γa¯1 = ∂µt
µ with that corresponding to tµ = 0.
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whose solution is nothing but the deformed Lagrangian at order one in g,
from (53) we observe that
δa1 = ∂µ
(
W (2AνC
µν −Hµη) + 2MBµαεαβγδη
βγδ
)
+γ
(
WAµH
µ −
1
2
MεαβγδB
αβBγδ
)
+ δa¯1. (57)
Thus, the consistency of the deformation procedure at order one in the cou-
pling constant requires that δa¯1 must separately be γ-exact modulo d
δa¯1 + γa¯0 = ∂µj˜
µ. (58)
Next, we determine the concrete form of the functions
(
T µν , T˜ µ, T, T µ, T¯ i
)
in (54) such that (58) is obeyed. Recalling the definitions (28–32), it follows
that
δa¯1 =
(
1
2
FµνT
µν
([
ω∆
])
− (∂νBνµ) T˜
µ
([
ω∆
])
− (∂µH
µ)T
([
ω∆
])
+ (∂µϕ) T
µ
([
ω∆
])
+ (−)ǫi
δLLmatt0
δyi
T¯ i
([
ω∆
]))
η. (59)
Taking into account the definitions (34) and the first relation from (35), the
equation (58) possesses solutions if and only if
1
2
FµνT
µν
([
ω∆
])
− (∂νBνµ) T˜
µ
([
ω∆
])
− (∂µH
µ)T
([
ω∆
])
+ (∂µϕ)T
µ
([
ω∆
])
+ (−)ǫi
δLLmatt0
δyi
T¯ i
([
ω∆
])
= ∂µj˜
µ, (60)
where j˜µ is a bosonic γ-invariant current of both pure ghost and antighost
numbers equal to zero
γj˜µ = 0, pgh
(
j˜µ
)
= 0 = agh
(
j˜µ
)
, ε
(
j˜µ
)
= 0. (61)
The relation (60) can easily be written under the form
∂µ
(
AνT
µν − BµνT˜ν −H
µT
)
+ (∂µϕ)T
µ + (−)ǫi
δLLmatt0
δyi
T¯ i
−Aν∂µT
µν +
1
2
Bµν∂[µ T˜ν] +H
µ∂µT = ∂µj˜
µ, (62)
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which shows that the current j˜µ is given by
j˜µ = AνT
µν −Bµν T˜ν −H
µT + j¯µ, (63)
where j¯µ comes from (∂µϕ)T
µ + (−)ǫi
δLLmatt
0
δyi
T¯ i and the functions T µν , T˜ν
and T must fulfill the condition
− Aν∂µT
µν +
1
2
Bµν∂[µ T˜ν] +H
µ∂µT = 0. (64)
On behalf of the formula (63) and using (34–35), we get that the equation
(61) is equivalent to
(∂νη)T
µν + 3 (∂ρη
µνρ) T˜ν − 2 (∂νC
µν) T = 0, (65)
since all the coefficients T µν , etc. are by assumption γ-closed and γj¯µ = 0 by
construction. Analyzing the equations (64–65), we find that their solutions
are strongly equal to zero
T µν = 0, T˜ν = 0, T = 0. (66)
Substituting the partial solutions (66) back into the equation (60) and also
using (63), we find that (60) becomes
(∂µϕ)T
µ
([
ω∆
])
+ (−)ǫi
δLLmatt0
δyi
T¯ i
([
ω∆
])
= ∂µj¯
µ. (67)
In order to have solutions to (67), it is necessary to suppose that the La-
grangian action of the matter fields is invariant under a global one-parameter
symmetry
∆yi = T i
([
yj
])
ξ, (68)
with ε (T i ([yj])) = εi and ξ a bosonic and constant parameter, which further
yields, via Noether’s theorem
(−)εi
δLLmatt0
δyi
T i
([
yj
])
= ∂µj
µ
([
yj
])
, (69)
the appearance of the on-shell conserved bosonic current jµ ([yj]) (on-shell
means here on the stationary surface of the field equations for the matter
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theory only). In the sequel we assume that the matter theory indeed sat-
isfies this demand. Under this assumption, we try the unknown functions
T¯ i
([
ω∆
])
appearing in (67) of the type
T¯ i
([
ω∆
])
= T i
([
yj
])
T¯ ([ϕ] , [F µν ] , [∂µH
µ] , [∂µB
µν ]) , (70)
and thus (67) turns, by means of Noether’s theorem (69), into
(∂µϕ) T
µ
([
ω∆
])
+
(
∂µj
µ
([
yj
]))
T¯ ([ϕ] , [F µν ] , [∂µH
µ] , [∂µB
µν ]) = ∂µj¯
µ.
(71)
Looking at the particular form of the second term in the left hand-side of
the equation (71), it is natural to search the functions T µ
([
ω∆
])
among the
elements written like
T µ
([
ω∆
])
= jµ
([
yj
])
T˜ ([ϕ] , [F µν ] , [∂µH
µ] , [∂µB
µν ]) , (72)
such that (71) switches to
jµ
([
yj
])
(∂µϕ) T˜ ([ϕ] , [F
µν ] , [∂µH
µ] , [∂µB
µν ]) +(
∂µj
µ
([
yj
]))
T¯ ([ϕ] , [F µν ] , [∂µH
µ] , [∂µB
µν ]) = ∂µj¯
µ. (73)
Then, it is easy to see that the general solution to the equation (73) reads as
T˜ ([ϕ] , [F µν ] , [∂µH
µ] , [∂µB
µν ]) =
δU (ϕ)
δϕ
, (74)
T¯ ([ϕ] , [F µν ] , [∂µH
µ] , [∂µB
µν ]) = U (ϕ) , (75)
where U (ϕ) is an arbitrary function of the undifferentiated scalar field. In-
serting the solutions (74–75) in (70) and (72), we completely determine the
unknown coefficients T µ and T¯ i like
T µ
([
ω∆
])
=
δU (ϕ)
δϕ
jµ
([
yj
])
, T¯ i
([
ω∆
])
= U (ϕ)T i
([
yj
])
, (76)
while the same solutions substituted in (73) provide the corresponding cur-
rent j¯µ as
j¯µ = U (ϕ) jµ
([
yj
])
. (77)
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Replacing the expressions (66) and (76) in (54), we obtain that the general
solution to the ‘homogeneous’ equation γa¯1 = 0 that produces a consistent
antighost number zero element a¯0 via the equation (58) is
a¯1 =
(
H∗µ
δU (ϕ)
δϕ
jµ
([
yj
])
+ y∗iU (ϕ) T
i
([
yj
]))
η. (78)
Using now (78) and (68–69), it results that
δa¯1 = −γ
(
AµU (ϕ) j
µ
([
yj
]))
+ ∂µ (j¯
µη) , (79)
with j¯µ given by (77). Introducing (79) in (57), we finally find that the
antighost number zero component from the first-order deformation as solu-
tion to the equation (56) is expressed by
a0 = Aµ
(
U (ϕ) jµ
([
yj
])
−W (ϕ)Hµ
)
+
1
2
MεαβγδB
αβBγδ. (80)
In conclusion, the consistency (at antighost number zero) of the term that
mixes the matter fields and the BF ones in the first-order deformation re-
quires that the matter theory must be invariant under a rigid one-parameter
transformation of the type (68), which produces Noether’s theorem (69).
Strictly speaking, in (80) there also appear contributions from some con-
served currents associated with the BF field sector. Indeed, we observe that
(53) can be decomposed as
a1 = a
(BF)
1 + a
(BF−m)
1 , (81)
where
a
(BF)
1 =
(
Wϕ∗ −
δW
δϕ
H∗µH
µ
)
η + 2
(
WB∗µν +
δW
δϕ
H∗µAν
)
Cµν
+2
(
δM
δϕ
H∗ρB
ρα −MA∗α
)
εαβγδη
βγδ, (82)
and
a
(BF−m)
1 ≡ a¯1 =
(
H∗µ
δU (ϕ)
δϕ
jµ
([
yj
])
+ y∗iU (ϕ) T
i
([
yj
]))
η. (83)
We have seen in the above that δa
(BF−m)
1 leads to the term AµUj
µ from a0,
while δa
(BF)
1 produces the rest of the terms in a0, such that a
(BF−m)
1 and
18
a
(BF)
1 are separately consistent. According to the definitions (28–32), the
Koszul-Tate differential acting on a
(BF)
1 gives
δa
(BF)
1 =
(
δLBF0
δϕ
W −
δLBF0
δHµ
δW
δϕ
Hµ
)
η +
(
2
δLBF0
δBµν
W +
δLBF0
δH [µ
Aν]
δW
δϕ
)
Cµν
+2
(
δLBF0
δHρ
δM
δϕ
Bρα −
δLBF0
δAα
M
)
εαβγδη
βγδ, (84)
where LBF0 is given in (8)
LBF0 = Hµ∂
µϕ+
1
2
Bµν∂[µAν]. (85)
The consistency of the first-order deformation for the BF sector at antighost
number zero, δa
(BF)
1 + γa
(BF)
0 = ∂ρm
(BF)ρ, requires that
δLBF0
δϕ
W −
δLBF0
δHµ
δW
δϕ
Hµ = ∂ρk
ρ, (86)
(
2
δLBF0
δBµν
W +
δLBF0
δH [µ
Aν]
δW
δϕ
)
= ∂ρk
ρ
µν , (87)
2
(
δLBF0
δHρ
δM
δϕ
Bρα −
δLBF0
δAα
M
)
εαβγδ = ∂ρk
ρ
βγδ, (88)
where, in addition, we must have kρµν = δ
ρ
[µ k¯ν] and k
ρ
βγδ = δ
ρ
[β k¯γδ], for some
k¯ν and antisymmetric k¯γδ. After some computation, we infer that (86–88)
hold, and they are nothing but Noether’s theorem expressing the invariance
of the pure BF theory respectively under three different non-trivial rigid
symmetries
∆1ϕ = W (ϕ) ξ
′, ∆1H
µ = −
δW
δϕ
Hµξ′, ∆1A
µ = ∆1B
µν = 0, (89)
∆2B
µν = W (ϕ) δµ[α δ
ν
β]ξ
αβ, ∆2H
µ =
δW
δϕ
δµ[αAβ]ξ
αβ, ∆2A
µ = ∆2ϕ = 0,
(90)
∆3H
ρ = 2
δM
δϕ
Bραεαβγδξ
βγδ, ∆3Aα = −2M (ϕ) εαβγδξ
βγδ, (91)
∆3B
µν = ∆3ϕ = 0, (92)
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that result in the conserved currents
kρ = −W (ϕ)Hρ, (93)
kραβ =W (ϕ) δ
ρ
[αAβ], (94)
respectively
kρβγδ = 2M (ϕ)B
ραεαβγδ. (95)
As a consequence, we infer that the deformed Lagrangian at order one in the
coupling constant, (80), splits as
a0 = a
(BF)
0 + a
(BF−m)
0 , (96)
with
a
(BF)
0 = −W (ϕ)AµH
µ +
1
2
M (ϕ) εαβγδB
αβBγδ, (97)
a
(BF−m)
0 = U (ϕ)Aµj
µ
([
yj
])
, (98)
where a
(BF)
0 can equivalently be written in terms of the currents (93–95) under
the form
a
(BF)
0 = pk
ρAρ −
1− p
3
kρρβH
β −
1
4
kρργδB
γδ, (99)
where p is a real number. Nevertheless, these non-trivial currents appear in a
natural way within the cohomological framework used here, and do not need
to be assumed to exist, unlike the matter fields, whose non-trivial couplings
to the BF field sector require that the matter theory indeed possesses non-
trivial rigid one-parameter symmetries.
Let us briefly discuss the link between the set of rigid symmetries and
the local homology of the Koszul-Tate differential. The equations (69) and
(86–88) may be rewritten in terms of the Koszul-Tate differential as
∂µj
µ
∆ = δ
(
−Φ∗α0T
α0
∆
)
≡ δσ∆, (100)
where jµ∆ and T
α0
∆ collectively denote the corresponding conserved currents,
respectively, the generators of the rigid symmetries. The formula (100) cor-
relates the rigid symmetries (68) and (89–92) to certain homological classes
from the space H1 (δ|d). Explicitly, it shows that a global symmetry (ma-
terialized in a conserved current) defines an element σ∆ of H1 (δ|d), i.e., an
element of antighost number equal to one that is δ-closed modulo d. A global
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symmetry is said to be trivial if the corresponding σ∆ is in a trivial class of
H1 (δ|d), hence if it is δ-exact modulo d
σ∆ = δρ∆ + ∂µc
µ
∆, antigh (ρ∆) = 2, antigh (c
µ
∆) = 1. (101)
A class of trivial rigid symmetries corresponds to some rigid generators of
the type
T α0∆ =M
α0β0
∆ ([Φ
γ0 ])
δLL
δΦβ0
, Mα0β0∆ = − (−)
εα0εβ0 Mβ0α0∆ , (102)
where L = LBF0 + L
matt
0 ([y
i]). In (102) εα0 is the Grassmann parity of the
field Φα0 , such that ε
(
Mα0β0∆
)
= (εα0 + εβ0)mod 2 as all the rigid parameters
are assumed to be bosonic. In this situation we have that
σ∆ = −Φ
∗
α0
T α0∆ = δ
(
1
2
Φ∗α0M
α0β0
∆ Φ
∗
β0
)
, (103)
and thus σ∆ is trivial in H1 (δ|d). Noether’s theorem for trivial rigid symme-
tries
(−)εα0
δLL
δΦα0
T α0∆ = ∂µj
µ
∆, (104)
obviously reduces to ∂µj
µ
∆ = 0, which holds independently of the field equa-
tions. Then, we further obtain that
jµ∆ = ∂νt
µν
∆, t
µν
∆ = −t
νµ
∆, (105)
such that the currents associated with trivial global symmetries are also
trivial. We remark that the rigid symmetries (89–92) are not of the type
(102), and therefore are non-trivial.
In order to effectively couple the matter fields to the BF ones, we suppose
that the matter rigid symmetries are also non-trivial. Indeed, if the matter
rigid symmetries were trivial
T i = M ij
([
yk
]) δLLmatt0
δyj
, M ij = − (−)εiεj M ji, (106)
then the conserved current associated with (106) is also trivial,
jµ = ∂νt
µν , tµν = −tνµ, (107)
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such that the terms a
(BF−m)
1 + a
(BF−m)
0 from the first-order deformation are
s-exact modulo d
a
(BF−m)
1 + a
(BF−m)
0 →
(
H∗µ
δU (ϕ)
δϕ
η + U (ϕ)Aµ
)
∂νt
µν
([
yj
])
+y∗iU (ϕ)M
ij
([
yk
]) δLLmatt0
δyj
η = s
(
−tµν
([
yj
])(1
2
δ2U (ϕ)
δϕ2
H∗µH
∗
νη
+
δU (ϕ)
δϕ
(
1
2
C∗µνη +H
∗
µAν
)
+B∗µνU (ϕ)
)
+
1
2
U (ϕ) y∗iM
ij
([
yk
])
y∗jη
)
+∂ν
(
tµν
([
yj
])(δU (ϕ)
δϕ
H∗µη + U (ϕ)Aµ
))
. (108)
Since the first-order deformation is unique up to s-exact terms plus diver-
gences of local currents, in the case of trivial matter rigid symmetries we can
remove the pieces a
(BF−m)
1 + a
(BF−m)
0 from a, and thus in this situation there
are no couplings between the matter and the BF field sectors.
Combining the formulas (48–49) and (51) with the expression (53) in
which we use the solution (78), and also with the result given by (80), we
conclude that the first-order deformation of the solution to the master equa-
tion for the model under study can be written in the form
S1 =
∫
d4x
(
Aµ
(
U (ϕ) jµ
([
yj
])
−W (ϕ)Hµ
)
+
1
2
MεαβγδB
αβBγδ
+H∗µ
(
2
δW
δϕ
AνC
µν +
(
δU
δϕ
jµ
([
yj
])
−
δW
δϕ
Hµ
)
η
)
+W (ϕ)
(
2B∗µνC
µν + ϕ∗η
)
+ y∗iU (ϕ)T
i
([
yj
])
η
+2
(
δM
δϕ
H∗ρB
ρα −M (ϕ)A∗α
)
εαβγδη
βγδ
+
(
δW
δϕ
C∗µν +
δ2W
δϕ2
H∗µH
∗
ν
)(
−3AλC
µνλ + ηCµν
)
−2
(
3
δW
δϕ
H∗λB
∗
µν +W (ϕ) η
∗
µνλ
)
Cµνλ +
((
δM
δϕ
C∗ρλ
+
δ2M
δϕ2
H∗ρH
∗
λ
)
Bρλ + 2
(
δM
δϕ
H∗µA
∗µ −M (ϕ) η∗
))
εαβγδη
αβγδ
−
9
4
(
δM
δϕ
C∗ρλ +
δ2M
δϕ2
H∗ρH
∗
λ
)
εαβγδη
ραβηλγδ
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−(
δW
δϕ
C∗νρλ +
δ2W
δϕ2
H∗[νC
∗
ρλ] +
δ3W
δϕ3
H∗νH
∗
ρH
∗
λ
)
×
×
(
4AµC
µνρλ + ηCνρλ
)
+ 2W (ϕ) η∗µνρλC
µνρλ − 8
δW
δϕ
H∗λη
∗
µνρC
µνρλ
+12
(
δW
δϕ
C∗ρλ +
δ2W
δϕ2
H∗ρH
∗
λ
)
B∗µνC
µνρλ −
(
δM
δϕ
C∗νρλ
+
δ2M
δϕ2
H∗[νC
∗
ρλ] +
δ3M
δϕ3
H∗νH
∗
ρH
∗
λ
)
ηνρλεαβγδη
αβγδ
+
(
δW
δϕ
C∗µνρλ +
δ2W
δϕ2
(
H∗[µC
∗
νρλ] + C
∗
[µνC
∗
ρλ]
)
+
δ3W
δϕ3
H∗[µH
∗
νC
∗
ρλ] +
δ4W
δϕ4
H∗µH
∗
νH
∗
ρH
∗
λ
)
ηCµνρλ
+
1
2
(
δM
δϕ
C∗µνρλ +
δ2M
δϕ2
(
H∗[µC
∗
νρλ] + C
∗
[µνC
∗
ρλ]
)
+
δ3M
δϕ3
H∗[µH
∗
νC
∗
ρλ] +
δ4M
δϕ4
H∗µH
∗
νH
∗
ρH
∗
λ
)
ηµνρλεαβγδη
αβγδ
)
. (109)
It is by construction a s-cocycle of ghost number zero, such that S0 + gS1 is
solution to the master equation to order g.
3.3 Higher-order deformations
Next, we investigate the equations that control the higher-order deforma-
tions. The second-order deformation is governed by the equation (6). Making
use of (109), the second term in the left hand-side of (6) takes the concrete
form
1
2
(S1, S1) = εµνρλ
4∑
a=0
∫
d4x
(
T µνρλa
δaX
δϕa
+ Uµνρλa
δaY
δϕa
)
−2εµνρλ
∫
d4x
((
δ (MU)
δϕ
jαH∗α +MUy
∗
i T
i
)
ηµνρλ +MUjµηνρλ
)
+
∫
d4xU2
δRjµ
δyi
T iAµη, (110)
where
T µνρλ0 = 4A
∗µCνρλ +BµνCρλ +Hµηνρλ − 2η∗Cµνρλ − ϕ∗ηµνρλ, (111)
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T µνρλ1 =
(
H∗αH
α + C∗αβC
αβ + C∗αβγC
αβγ + C∗αβγδC
αβγδ
)
ηµνρλ
+
(
2H∗αA
∗α + C∗αβB
αβ − C∗αβγη
αβγ
)
Cµνρλ
+
(
3C∗αβC
αβµ − 2H∗αC
αµ
)
ηνρλ + 3H∗αC
αµνBρλ, (112)
T µνρλ2 = H
∗
α
((
H∗βB
αβ − 3C∗βγη
αβγ
)
Cµνρλ + 3H∗βC
αβµηνρλ
)
+
((
4H∗αC
∗
βγδ + 3C
∗
αβC
∗
γδ
)
Cαβγδ
+H∗α
(
3C∗βγC
αβγ +H∗βC
αβ
))
ηµνρλ, (113)
T µνρλ3 = H
∗
αH
∗
β
((
H∗γC
αβγ + 3C∗γδC
αβγδ
)
ηµνρλ −H∗γη
αβγCµνρλ
)
, (114)
T µνρλ4 = H
∗
αH
∗
βH
∗
γH
∗
δC
αβγδηµνρλ, (115)
Uµνρλ0 =
(
1
2
η∗αβγδη
αβγδ + η∗αβγη
αβγ +B∗αβB
αβ − 6A∗αA
α
)
ηµνρλ
+
(
A∗µη +
3
2
B∗αβη
αβµ −AαB
αµ
)
ηνρλ +
1
2
BµνBρλη, (116)
Uµνρλ1 =
(
1
4
ηC∗µνρλ −AµC∗νρλ + 3B∗µνC∗ρλ − 2η∗µνρH∗λ
)
ηαβγδη
αβγδ
+
((
1
2
C∗αβγη +
3
2
C∗αβAγ − 3B
∗
αβH
∗
γ
)
ηαβγ +
(
1
2
C∗αβB
αβ + A∗αH∗α
)
η
+H∗αAβB
αβ
)
ηµνρλ +
(
3
2
(
1
2
C∗αβη +H
∗
αAβ
)
ηαβµ −H∗αB
αµη
)
ηνρλ,(117)
Uµνρλ2 = H
∗
α
(
3
2
(
C∗βγη +H
∗
βAγ
)
ηαβγ +H∗βB
αβη
)
ηµνρλ
+
3
4
H∗αH
∗
βηη
αβµηνλρ +
(
H∗µ
(
C∗νρλη + 3H∗νB∗ρλ
)
+3
(
1
4
C∗µνη +H∗µAν
)
C∗ρλ
)
ηαβγδη
αβγδ, (118)
Uµνρλ3 =
1
2
H∗µH∗ν
(
3C∗ρλη + 2H∗ρAλ
)
ηαβγδη
αβγδ
+
1
2
H∗αH
∗
βH
∗
γηη
αβγηµνρλ, (119)
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Uµνρλ4 =
1
2
ηH∗µH∗νH∗ρH∗ληαβγδη
αβγδ, (120)
and
X (ϕ) =W (ϕ)M (ϕ) , Y (ϕ) = W (ϕ)
δM (ϕ)
δϕ
. (121)
It is clear that none of the terms involving any of the functions X , Y or
their derivatives with respect to the scalar field can be written as required by
the equation (6), namely, like the s-variation of some local functional, and
therefore they must vanish. This takes place if and only if
W (ϕ)M (ϕ) = 0. (122)
Thus, there appear two alternatives.
(I) First, we assume that
M (ϕ) = 0, (123)
andW (ϕ) is an arbitrary function of the undifferentiated scalar field. In this
situation, we find that (110) reduces to
1
2
(S1, S1) =
∫
d4x (U (ϕ))2
δRjµ
δyi
T i
([
yj
])
Aµη, (124)
where we assume that the arbitrary function U of the undifferentiated scalar
field, to be called the ‘background’ potential in what follows, is non-vanishing.
Two major situations met in practical applications deserve special attention.
(I.1) It might happen that the matter current is invariant under the gauge
version of the global one-parameter symmetry (68)
δRjµ ([yj])
δyi
T i
([
yk
])
= 0. (125)
In this case it results that (S1, S1) = 0, such that we can set S2 = 0. Further,
all the higher-order equations (7), etc., are satisfied with the choice S3 =
S4 = · · · = 0. Consequently, the deformed solution to the master equation
consistent to all orders in the coupling constant reduces in this situation
to the sum between the “free” solution (37) and the first-order deformation
(109) where we set M (ϕ) = 0
S =
∫
d4x
(
Hµ (∂µϕ− gW (ϕ)Aµ) +
1
2
Bµν∂[µAν] + gU (ϕ) j
µAµ
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+Lmatt0
(
yi, ∂µy
i, · · ·
)
+ gy∗iU (ϕ)T
i
([
yj
])
η + A∗µ∂µη
+H∗µ
(
2
(
∂ν + g
δW
δϕ
Aν
)
Cµν + g
(
δU
δϕ
jµ
([
yj
])
−
δW
δϕ
Hµ
)
η
)
+B∗µν (−3∂ρη
µνρ + 2gW (ϕ)Cµν) + gϕ∗W (ϕ) η
+4η∗µνλ∂ρη
µνλρ −
(
3C∗µν
(
∂λ + g
δW
δϕ
Aλ
)
+ 2gη∗µνλW
+3g
(
H∗µH
∗
ν
δ2W
δϕ2
Aλ + 2H
∗
µB
∗
νλ
δW
δϕ
))
Cµνλ
+
(
4C∗µνρ
(
∂λ + g
δW
δϕ
Aλ
)
+ 2gη∗µνρλW − 8gη
∗
µνρH
∗
λ
δW
δϕ
+4g
(
C∗[µνH
∗
ρ]
δ2W
δϕ2
+H∗µH
∗
νH
∗
ρ
δ3W
δϕ3
)
Aλ
+12g
(
C∗µν
δW
δϕ
+H∗µH
∗
ν
δ2W
δϕ2
)
B∗ρλ
)
Cµνρλ
+g
(
C∗µν
δW
δϕ
+H∗µH
∗
ν
δ2W
δϕ2
)
ηCµν
−g
(
C∗µνρ
δW
δϕ
+ C∗[µνH
∗
ρ]
δ2W
δϕ2
+H∗µH
∗
νH
∗
ρ
δ3W
δϕ3
)
ηCµνρ
+g
(
C∗µνρλ
δW
δϕ
+
(
H∗[µC
∗
νρλ] + C
∗
[µνC
∗
ρλ]
) δ2W
δϕ2
+H∗[µH
∗
νC
∗
ρλ]
δ3W
δϕ3
+H∗µH
∗
νH
∗
ρH
∗
λ
δ4W
δϕ4
)
ηCµνρλ
)
. (126)
By virtue of the discussion from the end of the subsection 3.1 on the
significance of terms with various antighost numbers in the solution to the
master equation, at this stage we can extract information on the gauge struc-
ture of the coupled model. From the antifield-independent piece in (126) we
read that the overall Lagrangian action of the interacting gauge theory has
the expression
S˜[Aµ, Hµ, ϕ, Bµν , yi] =
∫
d4x (Hµ (∂
µϕ− gW (ϕ)Aµ)
+
1
2
Bµν∂[µAν] + gU (ϕ) j
µ
([
yj
])
Aµ + L
matt
0
(
yi, ∂µy
i, · · ·
))
, (127)
while from the components linear in the antighost number one antifields we
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conclude that it is invariant under the gauge transformations
δ¯ǫA
µ = ∂µǫ, δ¯ǫH
µ = 2Dνǫ
µν + g
(
δU
δϕ
jµ
([
yj
])
−
δW
δϕ
Hµ
)
ǫ, (128)
δ¯ǫϕ = gW (ϕ) ǫ, δ¯ǫB
µν = −3∂ρǫ
µνρ + 2gW (ϕ) ǫµν , (129)
δ¯ǫy
i = gU (ϕ) T i
([
yj
])
ǫ, (130)
where we employed the notation
Dν = ∂ν + g
δW
δϕ
Aν . (131)
We remark on the one hand that the interaction term U (ϕ) jµ ([yj])Aµ ex-
presses a generalized minimal coupling and on the other hand that the gauge
transformation of the one-form Aµ from the BF-like theory remains U (1)-
abelian. From (128–130), we read the new non-vanishing gauge generators
(Z˜µ(A))(x, x
′) = (Zµ(A))(x, x
′) = ∂µxδ
4(x− x′), (132)
(Z˜µ(H))αβ(x, x
′) = −Dx[α δ
µ
β]δ
4(x− x′), (133)
(Z˜µ(H))(x, x
′) = g
(
δU
δϕ
(x) jµ
([
yj (x)
])
−
δW
δϕ
(x)Hµ (x)
)
δ4(x− x′), (134)
(Z˜(ϕ))(x, x
′) = gW (ϕ (x)) δ4(x− x′), (135)
(Z˜µν(B))αβγ(x, x
′) = (Zµν(B))αβγ(x, x
′) = −
1
2
∂x[α δ
µ
βδ
ν
γ]δ
4(x− x′), (136)
(Z˜µν(B))αβ(x, x
′) = gW (ϕ (x)) δµ[α δ
ν
β]δ
4(x− x′), (137)
(Z˜ i(y))(x, x
′) = gU (ϕ (x))T i
([
yj (x)
])
δ4(x− x′). (138)
The presence of the terms linear in the ghosts with pure ghost number two
and three in (126) shows that the gauge generators of the coupled model
are also second-order reducible, but some of the reducibility functions are
modified and, moreover, some of the reducibility relations only hold on-shell,
where on-shell means on the stationary surface of field equations for the
action (127). From the analysis of these terms we infer the first-order re-
ducibility functions
(Z˜αβ1 )µ′ν′ρ′(x, x
′) = −
1
2
Dx[µ′ δ
α
ν′δ
β
ρ′]δ
4(x− x′), (139)
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(Z˜αβγ1 )µ′ν′ρ′(x, x
′) = −
1
3
gW (ϕ (x)) δα[µ′ δ
β
ν′δ
γ
ρ′]δ
4(x− x′), (140)
(Z˜αβγ1 )µ′ν′ρ′λ′(x, x
′) = (Zαβγ1 )µ′ν′ρ′λ′(x, x
′) =
−
1
6
∂x[µ′ δ
α
ν′δ
β
ρ′δ
γ
λ′]δ
4(x− x′), (141)
and also the second-order ones
(
Z˜µ
′ν′ρ′
2
)
α′β′γ′δ′
(x, x′) = −
1
6
Dx[α′ δ
µ′
β′δ
ν′
γ′δ
ρ′
δ′]δ
4(x− x′), (142)
(Z˜µ
′ν′ρ′λ′
2 )α′β′γ′δ′(x, x
′) =
1
12
gW (ϕ (x)) δµ
′
[α′ δ
ν′
β′δ
ρ′
γ′δ
λ′
δ′]δ
4(x− x′), (143)
as well as the first- and second-order reducibility relations (written in De
Witt condensed notations)
(Z˜µ(H))αβ(Z˜
αβ
1 )µ′ν′ρ′ = −g
δ2W
δϕ2
A[µ′ δ
µ
ν′
δS˜
δH ρ′]
−2g
δW
δϕ
δµ[µ′
δS˜
δB ν′ρ′]
, (144)
(Z˜µν(B))αβ(Z˜
αβ
1 )µ′ν′ρ′ + (Z˜
µν
(B))αβγ(Z˜
αβγ
1 )µ′ν′ρ′ =
g
δW
δϕ
δµ[µ′ δ
ν
ν′
δS˜
δH ρ′]
, (145)
(Z˜µν(B))αβγ(Z˜
αβγ)µ′ν′ρ′λ′ = 0, (146)
(Z˜αβ1 )µ′ν′ρ′
(
Z˜µ
′ν′ρ′
2
)
α′β′γ′δ′
=
g
2
δ2W
δϕ2
A[α′ δ
α
β′δ
β
γ′
δS˜
δH δ′]
−g
δW
δϕ
δα[α′ δ
β
β′
δS˜
δB γ′δ′]
, (147)
(Z˜αβγ1 )µ′ν′ρ′
(
Z˜µ
′ν′ρ′
2
)
α′β′γ′δ′
+ (Z˜αβγ1 )µ′ν′ρ′λ′(Z˜
µ′ν′ρ′λ′
2 )α′β′γ′δ′ =
g
3
δW
δϕ
δα[α′ δ
β
β′δ
γ
γ′
δS˜
δH δ′]
. (148)
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The pieces from (126) that are quadratic in the ghosts of pure ghost num-
ber one are of two kinds: ones are linear in their antifields, and the others
are quadratic in the antifields of the original fields, such that the deformed
gauge algebra is open. The non-vanishing commutators among the gauge
transformations of the coupled model read as (again in De Witt condensed
notations)
(Z˜(ϕ))
δ(Z˜µ(H))αβ
δϕ
+ (Z˜ρ(A))
δ(Z˜µ(H))αβ
δAρ
− (Z˜ρ(H))αβ
δ(Z˜µ(H))
δHρ
=
−g
δW
δϕ
(Z˜µ(H))αβ + g
δ2W
δϕ2
δµ[α
δS˜
δH β]
, (149)
(Z˜(ϕ))
δ(Z˜µν(B))αβ
δϕ
= g
δW
δϕ
(Z˜µν(B))αβ. (150)
The remaining elements in (126) give us information on the higher-order
gauge structure of the interacting model.
In conclusion, if the conserved current present in the purely matter theory
is still invariant under the gauge version of the initial global one-parameter
symmetry, then the deformation procedure stops at order one in the cou-
pling constant and induces the gauging of the generalized rigid symmetry
(see the expression of the functions T¯ i from (76)) at the level of the mat-
ter fields as in formula (130). Moreover, the one-form Hµ from the BF-
sector gains one-parameter gauge transformations whose generators involve
the conserved currents of the matter theory and the first-order derivative of
the ‘background’ potential. In addition, the interaction couples the matter
fields to the one-form Aµ from the BF-like theory only at the first order in
the deformation parameter through the gauge invariant matter current and
the ‘background’ potential by means of a generalized minimal coupling.
(I.2) In the opposite situation, where (123) is satisfied, but the matter
current is not invariant under the gauge version of the initial global one-
parameter symmetry (68)
δRjµ ([yj])
δyi
T i
([
yk
])
6= 0, (151)
it follows that (S1, S1) is non-vanishing (see the right hand-side of the equa-
tion (124)), hence the second-order deformation S2 involved with the equa-
tion (6) will also be so. Moreover, it is possible to obtain other non-trivial
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higher-order deformations when solving the remaining equations ((7), etc.).
Nevertheless, the expressions of these deformations strongly depend on the
structure of the matter theory and cannot be output in the general setting
considered here. However, we expect that the consistency equations (6–7),
etc. impose further restrictions on the function U (ϕ). What is always valid
is that the complete deformed solution to the master equation starts like
S
′
= S + g2S2 + · · · , (152)
such that the Lagrangian action of the interacting theory is of the type
S˜
′
= S˜ +O
(
g2
)
, (153)
where S and S˜ are expressed by (126) and (127) respectively.
(II) In the complementary situation, where
W (ϕ) = 0, (154)
and M (ϕ) is an arbitrary function of the undifferentiated scalar field, from
(110) it follows that
1
2
(S1, S1) = −2εµνρλ
∫
d4x
((
δ (MU)
δϕ
jαH∗α +MUy
∗
i T
i
)
ηµνρλ
+MUjµηνρλ
)
+
∫
d4xU2
δRjµ
δyi
T iAµη. (155)
Nevertheless, according to the local version of the equation (6), the non-
integrated density from the right hand-side of (155) must again be written
like the s-variation modulo d of a local function. Taking into account the
actions (28–36) of γ and δ on the BRST generators, it results that the piece
in (155) proportional with εµνρλ is s-exact if and only if the matter current j
µ
is trivial (see the relations (106) and (107)). Indeed, in this situation direct
computation leads to
−2εµνρλ
((
δ (MU)
δϕ
jαH∗α +MUy
∗
i T
i
)
ηµνρλ +MUjµηνρλ
)
→
−2εµνρλ
(
δ (MU)
δϕ
H∗α∂βt
αβ +MUy∗iM
ij δ
LLmatt0
δyj
)
ηµνρλ
−2εµνρλ (MU) η
νρλ∂βt
µβ = −εµνρλs
(((
δ (MU)
δϕ
C∗αβ
30
+
δ2 (MU)
δϕ2
H∗αH
∗
β
)
tαβ −MUy∗iM
ijy∗j
)
ηµνρλ
+2
δ (MU)
δϕ
H∗αt
αµηνρλ + (MU) tµνBρλ
)
+∂β
(
2εµνρλ
(
δ (MU)
δϕ
tβαH∗αη
µνρλ +MUtβµηνρλ
))
. (156)
As discussed in the above (see the formula (108)), in this case the terms
a
(BF−m)
1 +a
(BF−m)
0 can be completely removed from the first-order deformation
via the transformation
S1 → S
′
1 = S1 + s
∫
d4x
(
tµν
([
yj
])(1
2
δ2U (ϕ)
δϕ2
H∗µH
∗
νη
+
δU (ϕ)
δϕ
(
1
2
C∗µνη +H
∗
µAν
)
+B∗µνU (ϕ)
)
−
1
2
U (ϕ) y∗iM
ij
([
yk
])
y∗jη
)
, (157)
and thus we find that
1
2
(S ′1, S
′
1) = 0, (158)
such that we can safely take the second-order deformation equal to zero,
S2 = 0. The higher-order consistency equations are then fulfilled with the
choice S3 = S4 = · · · = 0. Thus, if (154) is satisfied, then the complete
deformed solution to the master equation, which is consistent at all orders
in the coupling constant, is given by
S =
∫
d4x
(
Hµ∂
µϕ+
1
2
Bµν∂[µAν] + L
matt
0
(
yi, ∂µy
i, · · ·
)
+
g
2
MεαβγδB
αβBγδ + A∗µ
(
∂µη − 2gMεµαβγη
αβγ
)
+2H∗µ
(
∂νC
µν + g
δM
δϕ
Bµαεαβγδη
βγδ
)
− 3B∗µν∂ρη
µνρ
−3C∗µν∂ρC
µνρ + 4η∗µνρ∂λη
µνρλ
+g
((
δM
δϕ
C∗ρλ +
δ2M
δϕ2
H∗ρH
∗
λ
)
Bρλ + 2
(
δM
δϕ
H∗µA
∗µ −Mη∗
))
εαβγδη
αβγδ
−
9
4
g
(
δM
δϕ
C∗ρλ +
δ2M
δϕ2
H∗ρH
∗
λ
)
εαβγδη
ραβηλγδ + 4C∗µνρ∂λC
µνρλ
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−g
(
δM
δϕ
C∗νρλ +
δ2M
δϕ2
H∗[νC
∗
ρλ] +
δ3M
δϕ3
H∗νH
∗
ρH
∗
λ
)
ηνρλεαβγδη
αβγδ
+
g
2
(
δM
δϕ
C∗µνρλ +
δ2M
δϕ2
H∗[µC
∗
νρλ] +
δ2M
δϕ2
C∗[µνC
∗
ρλ]
+
δ3M
δϕ3
H∗[µH
∗
νC
∗
ρλ] +
δ4M
δϕ4
H∗µH
∗
νH
∗
ρH
∗
λ
)
ηµνρλεαβγδη
αβγδ
)
. (159)
Its antighost number zero part emphasizes the Lagrangian action of the
deformed theory
S˜[Aµ, Hµ, ϕ, Bµν , yi] =
∫
d4x
(
Lmatt0
(
yi, ∂µy
i, · · ·
)
+Hµ∂
µϕ+
1
2
Bµν∂[µAν] +
g
2
M (ϕ) εαβγδB
αβBγδ
)
, (160)
while the antighost number one components provide the gauge transforma-
tions of the action (160)
δ¯ǫAµ = ∂µǫ− 2gM (ϕ) εµαβγǫ
αβγ ≡ (Z˜(A)µ)ǫ+ (Z˜(A)µ)αβγǫ
αβγ , (161)
δ¯ǫH
µ = 2
(
∂νǫ
µν − g
δM
δϕ
Bµαεαβγδǫ
βγδ
)
≡ (Z˜µ(H))αβǫ
αβ + (Z˜µ(H))αβγǫ
αβγ ,
(162)
δ¯ǫϕ = 0, δ¯ǫB
µν = −3∂ρǫ
µνρ ≡ (Z˜µν(B))αβγǫ
αβγ , δ¯ǫy
i = 0. (163)
We observe that in this case the matter fields remain uncoupled to the BF
field sector. From (161–163), we notice that the non-vanishing gauge gener-
ators are
(Z˜(A)µ)(x, x
′) = (Z(A)µ)(x, x
′) = ∂xµδ
4(x− x′), (164)
(Z˜(A)µ)αβγ(x, x
′) = −2gM (ϕ (x)) εµαβγδ
4(x− x′), (165)
(Z˜µ(H))αβ(x, x
′) = (Zµ(H))αβ(x, x
′) = −∂x[α δ
µ
β]δ
4(x− x′), (166)
(Z˜µ(H))αβγ(x, x
′) = −2g
δM
δϕ
(x)Bµν (x) εναβγδ
4(x− x′), (167)
(Z˜µν(B))αβγ(x, x
′) = (Zµν(B))αβγ(x, x
′) = −
1
2
∂x[α δ
µ
βδ
ν
γ]δ
4(x− x′). (168)
Thus, the scalar field and the matter fields are still not endowed with gauge
transformations, while the gauge transformations of the two-form are also
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not changed with respect to the “free” model. Actually, the gauge transfor-
mations become richer than in the “free” case only for the one-forms Aµ and
Hµ in the sector associated with the gauge parameters ǫαβγ . The deformed
gauge algebra (corresponding to the generating set (161–163)) is open, as
can be seen from the elements of antighost number two in (159) that are
quadratic in the ghosts of pure ghost number one. The only non-abelian
commutators among the new gauge transformations are expressed by
(
Z˜ρλ(B)
)
αβγ
δ(Z˜µ(H))α′β′γ′
δBρλ
−
(
Z˜ρλ(B)
)
α′β′γ′
δ(Z˜µ(H))αβγ
δBρλ
=
−
g
4
δM
δϕ
(Z˜µ(H))ρλδ
[ρ
[α
(
εβγ][α′β′
)
δ
λ]
γ′]
+g
δ2M
δϕ2
δ
[µ
[α
(
εβγ][α′β′
)
δ
ν]
γ′]
δS˜
δHν
. (169)
Looking at the rest of the terms with antighost number two in (159), we
can state that, besides the original first-order reducibility relation (16), there
appear some new ones
(Zµ(H))ρλ
(
Z˜ρλ1
)
αβγδ
= 2gεαβγδ
(
δ2M
δϕ2
Bµν
δS˜
δHν
+
δM
δϕ
gµν
δS˜
δAν
)
, (170)
(Zµ(A))
(
Z˜1
)
αβγδ
= −2gεαβγδ
δM
δϕ
gµν
δS˜
δHν
, (171)
that only close on-shell (i.e., on the stationary surface of field equations re-
sulting from the action (160)), where the accompanying first-order reducibil-
ity functions are of the form
(
Z˜ρλ1
)
αβγδ
(x, x′) = g
δM
δϕ
(x)Bρλ (x) εαβγδδ
4(x− x′), (172)
(
Z˜1
)
αβγδ
(x, x′) = −2gM (ϕ (x)) εαβγδδ
4(x− x′). (173)
The second-order reducibility is not modified (it continues to be expressed
by (17)). The presence in (159) of elements with antighost number strictly
greater than two that are proportional with the coupling constant g signifies
a higher-order gauge tensor structure of the deformed model, due to the
open character of the gauge algebra, as well as to the field dependence of
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the deformed reducibility functions. The case (II) appears thus to be less
important from the perspective of constructing effective couplings among
the BF fields and the matter field sector, since no non-trivial interactions
among them are allowed.
This completes our general procedure.
4 Applications
Next, we consider two examples of matter theories, the massive complex
scalar field and the massive spin 3/2 field, and compute their consistent
interactions with the four-dimensional BF-like theory. Since we are merely
interested in the possibility of non-trivial couplings with the BF fields, we
restrict ourselves to the case (I) studied in the above, for which the relation
(123) is assumed to hold.
4.1 Complex scalar field
In the sequel we apply the theoretical part of the paper to the case where
the matter theory describes a massive complex scalar field. In this situation
we have that yi =
(
Φ, Φ¯
)
, where the Lagrangian of the matter sector in (8)
is expressed by
Lmatt0 = (∂µΦ)
(
∂µΦ¯
)
− µ2ΦΦ¯ − V
(
ΦΦ¯
)
. (174)
Here, the bar operation signifies complex conjugation. The Koszul-Tate dif-
ferential and the exterior longitudinal derivative composing the “free” BRST
symmetry act on the generators from the matter sector yi =
(
Φ, Φ¯
)
and on
their antifields y∗i =
(
Φ∗, Φ¯∗
)
like
δΦ = δΦ¯ = 0, γΦ = γΦ¯ = 0, (175)
δΦ∗ ≡ −
δLmatt0
δΦ
=
(
∂µ∂
µ + µ2
)
Φ¯ +
∂V
∂
(
ΦΦ¯
)Φ¯, (176)
δΦ¯∗ ≡ −
δLmatt0
δΦ¯
=
(
∂µ∂
µ + µ2
)
Φ +
∂V
∂
(
ΦΦ¯
)Φ, (177)
γΦ∗ = γΦ¯∗ = 0. (178)
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We notice that the functions
δLmatt
0
δΦ
and
δLmatt
0
δΦ¯
that define the field equations
are independent and split into two components: one is linear in the fields and
second-order in their spacetime derivatives, while the other, even if allowed
to be non-linear, does not involve the spacetime derivatives of the fields.
Moreover, if we denote by I0 the set of independent field variables, then it
is stable under spatial differentiation (∂kI0 ⊂ I0). Thus, the complex scalar
field theory is a normal theory without gauge invariance, of Cauchy order
one [77], in agreement with the hypothesis made in the theoretical part of
the paper. The actions of δ and γ on the fields/antifields pertaining to the
BF sector can be found among the definitions (28–36). Multiplying (176) by
Φ and (177) by Φ¯, we arrive at the relation
δ
[
i
(
Φ¯∗Φ¯− Φ∗Φ
)]
= ∂µ
[
i
(
Φ¯∂µΦ− Φ∂µΦ¯
)]
, (179)
which expresses the conservation of the non-trivial current
jµ = i
(
Φ¯∂µΦ− Φ∂µΦ¯
)
, (180)
corresponding to the bosonic global one-parameter invariance
∆Φ = iΦξ,∆Φ¯ = −iΦ¯ξ, (181)
of the complex scalar field action. By comparing (181) with (68), it follows
that
T i =
(
iΦ,−iΦ¯
)
. (182)
Inserting (180) and (182) in (109) with M (ϕ) = 0, we then determine the
first-order deformation of the solution to the master equation, where
AµU (ϕ) j
µ
([
yj
])
+
(
H∗µ
δU
δϕ
jµ
([
yj
])
+ y∗iU (ϕ) T
i
([
yj
]))
η →
i
(
AµU (ϕ)
(
Φ¯∂µΦ− Φ∂µΦ¯
)
+
(
H∗µ
δU
δϕ
(
Φ¯∂µΦ− Φ∂µΦ¯
)
+ U (ϕ)
(
Φ∗Φ− Φ¯∗Φ¯
))
η
)
. (183)
After some computation, we find that (S1, S1) is not vanishing
(S1, S1) = 4
∫
d4xU2 (ϕ)
(
∂µ
(
ΦΦ¯Aµ
))
η =
∫
d4x∆, (184)
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due to the non-invariance of the current (180) under the gauge version of
the global invariance associated with the complex scalar theory. We are
precisely in the situation (I.2) analyzed in the previous section (it is the
equation (151) that applies now). Thus, we have to solve the second-order
deformation equation, expressed by
1
2
∆ + sb = ∂µθ
µ, (185)
where S2 =
∫
d4xb, which requires that ∆ given in (184) should be a s-
coboundary modulo d in order to have solutions for the second-order defor-
mation. This happens if and only if the function U (ϕ) actually reduces to a
constant, which we fix for convenience to be equal to the unit
U (ϕ) = 1. (186)
By virtue of this result, we further infer that
1
2
∆ = s
(
−ΦΦ¯AµAµ
)
+ ∂µ
(
2ΦΦ¯Aµη
)
, (187)
such that b = ΦΦ¯AµAµ, from which we can write down the second-order
deformation of the solution to the master equation under the form
S2 =
∫
d4xΦΦ¯AµAµ. (188)
In the meantime, replacing (186) back in (183) we determine that the part
from the first-order deformation that describes the cross-couplings between
the BF-field sector and the matter theory becomes
i
(
Aµ
(
Φ¯∂µΦ− Φ∂µΦ¯
)
+
(
Φ∗Φ− Φ¯∗Φ¯
)
η
)
. (189)
As (S1, S2) = 0, the third-order deformation equation holds if we take S3 =
0. All the other higher-order equations are then satisfied with the choice
S4 = S5 = · · · = 0.
Putting together the general results discussed at case (I) in the previous
section together with the above ones, we infer that the Lagrangian action of
the interacting model has the expression
S˜ ′
[
Aµ, Hµ, ϕ, Bµν ,Φ, Φ¯
]
=
∫
d4x (Hµ (∂
µϕ− gWAµ)
+
1
2
Bµν∂[µAν] +
(
D˜µΦ
)(
D˜µΦ
)
− µ2ΦΦ¯− V
(
ΦΦ¯
))
, (190)
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where the covariant derivative for the complex scalar field is
D˜µ = ∂µ − igAµ. (191)
The gauge transformations of the matter fields read as
δ¯ǫΦ = igΦǫ, δ¯ǫΦ¯ = −igΦ¯ǫ, (192)
and can be obtained by directly gauging the initial rigid symmetry (181).
The gauge transformations of the BF field spectrum have been inferred
in the above and are expressed by the appropriate formulas in (128–130)
where we must take into account the result (186), which further implies that
δU/δϕ = 0. As we have anticipated in Section 3 at the case (I.2), the non-
invariance of the matter current under the deformed gauge transformations
of the matter fields at the first order in the coupling constant restricts the
form of the function U (ϕ) in order to ensure the consistency of the first-
order deformation. Thus, the cross-interactions that can be added to the
BF model under study plus a complex scalar theory cannot involve an ar-
bitrary ‘background’ of the undifferentiated scalar field from the BF sector.
In this light, the complex scalar field still gains gauge transformations (see
(192)), but they merely reduce to the gauge version of the original rigid
one-parameter symmetries, the presence of an arbitrary ‘background’ being
forbidden. Along the same line, we see from the second relation in (128) with
δU/δϕ replaced by zero that the gauge transformations of the one-form Hµ
cannot depend on the matter fields
δ¯ǫH
µ = 2Dνǫ
µν − g
δW
δϕ
Hµǫ, (193)
where Dν is defined in (131).
4.2 Massive spin 3/2 field
In this situation, the role of the matter fields is played by a massive spin 3/2
field yi =
(
ψAµ , ψ¯µA
)
, described by the Lagrangian
Lmatt0 = −
1
2
εµνρλψ¯µA (γ5γν)
A
B ∂ρψ
B
λ +
m
2
ψ¯µA (σ
µν)AB ψ
B
ν , (194)
where
σµν =
1
2
(γµγν − γνγµ) . (195)
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The Koszul-Tate differential and the exterior longitudinal derivative asso-
ciated with this free model act on the matter fields and their antifields
y∗i =
(
ψ∗µA , ψ¯
∗µA
)
via the relations
δψ¯µA = δψ
A
µ = 0, (196)
δψ¯∗µA ≡ −
δLLmatt0
δψ¯µA
=
1
2
εµνρλ (γ5γν)
A
B ∂ρψ
B
λ −
m
2
(σµν)AB ψ
B
ν , (197)
δψ∗µA ≡ −
δLLmatt0
δψAµ
= −
1
2
εµνρλ (γ5γν)
B
A ∂ρψ¯λB −
m
2
(σµν)BA ψ¯νB, (198)
γψ¯µA = γψ
A
µ = γψ¯
∗µA = γψ∗µA = 0. (199)
The functions defining the field equations are independent, like for the pre-
vious example, and, moreover, they are linear in the fields and first-order in
their spacetime derivatives, such that the massive spin 3/2 fields are indeed
described by a normal theory without gauge invariance, of Cauchy order
one, so the results inferred in the theoretical part of this paper apply to this
model. The actions of δ and γ on the BF-field spectrum can be recovered
from the definitions (28–36). If we multiply (197) from the left by ψ¯µA, (198)
from the right by ψAµ , and subtract the resulting relations, we obtain that
δ
(
−ψ∗µA ψ
A
µ + ψ¯µAψ¯
∗µA
)
= ∂µ
(
−
1
2
εµνρλψ¯ρA (γ5γν)
A
B ψ
B
λ
)
, (200)
which is related to the conservation of the non-trivial current
jµ = −
1
2
εµνρλψ¯νA (γ5γρ)
A
B
ψBλ , (201)
associated with the bosonic global one-parameter invariance of the massive
spin 3/2 theory
∆ψAµ = −ψ
A
µ ξ, ∆ψ¯µA = ψ¯µAξ. (202)
If we compare (202) with (68), we find that
T i =
(
−ψAµ , ψ¯µA
)
. (203)
The first-order deformation is given by (109), where
AµU (ϕ) j
µ
([
yj
])
+
(
H∗µ
δU
δϕ
jµ
([
yj
])
+ y∗iU (ϕ)T
i
([
yj
]))
η →
−
1
2
εµνρλU (ϕ) ψ¯µA (γ5γν)
A
B Aρψ
B
λ +
(
−
1
2
εµνρλH∗µ
δU
δϕ
ψ¯νA (γ5γρ)
A
B
ψBλ
+U (ϕ)
(
−ψ∗µA ψ
A
µ + ψ¯
∗µAψ¯µA
))
η. (204)
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By direct computation, we get that
(S1, S1) = 0, (205)
which is normal since the current (201) is invariant under the gauge version
of the transformations (202) (formula (125) is now valid). Thus, this model
subscribes to the situation (I.1) discussed in the previous section. In this case
we have shown that all the higher-order deformations can be taken equal to
zero, Sk = 0, k ≥ 2, such that the Lagrangian action of the interacting model
becomes
S˜
[
Aµ, Hµ, ϕ, Bµν , ψAµ , ψ¯µA
]
=∫
d4x
(
Hµ (∂
µϕ− gW (ϕ)Aµ) +
1
2
Bµν∂[µAν]
−
1
2
εµνρλψ¯µA (γ5γν)
A
B D˜
′
ρψ
B
λ +
m
2
ψ¯µA (σ
µν)AB ψ
B
ν
)
, (206)
where
D˜′ρ = ∂ρ + gU (ϕ)Aρ. (207)
The gauge transformations of the massive spin 3/2 field result from the mul-
tiplication of the gauge version of the global transformations (202) with the
arbitrary function U (ϕ)
δ¯ǫψ
A
µ = −gU (ϕ)ψ
A
µ ǫ, δ¯ǫψ¯µA = gU (ϕ) ψ¯µAǫ. (208)
Moreover, the one-formHµ gains gauge transformations that actually depend
on the matter fields
δ¯ǫH
µ = 2Dνǫ
µν − g
(
δW
δϕ
Hµ +
1
2
εµνρλ
δU
δϕ
ψ¯νA (γ5γρ)
A
B
ψBλ
)
ǫ. (209)
This completes the analysis of the second example.
5 Conclusion
In this paper we have investigated the local and manifestly covariant La-
grangian interactions that can be added to a “free” theory describing a BF-
like model and a matter theory in four dimensions. Our treatment is based
on the deformation of the solution to the master equation. The first-order
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deformation is computed by means of the local BRST cohomology at ghost
number zero. Its consistency reveals two cases. One of them brings no cross-
couplings between the BF and the matter fields, but merely self-interactions
among the BF ones, and “cuts” the deformation algorithm to order one in the
coupling constant. In the complementary situation we find that the existence
of non-trivial cross-interactions between the matter and the BF fields requires
that the matter theory is invariant under a bosonic rigid one-parameter sym-
metry, which leads to a non-trivial conserved current. The appearance of
higher-order deformations is dictated by the behavior of this current under
the gauge version of the global invariance. Thus, if the current is gauge in-
variant, then all the deformations of order two and higher can be set equal
to zero. In the opposite situation, at least the second-order deformation of
the solution to the master equation is non-vanishing, but there can appear
other non-trivial deformations as well. The resulting coupled Lagrangian
system exhibits many interesting features. The interaction vertices are of
two types: one involves only the BF field sector and stops at the first order
in the coupling constant, while the other couples the matter fields to the
BF ones through the conserved current at the first order via a generalized
minimal coupling of the form U (ϕ) jµ ([yi])Aµ, and might be non-trivial also
at higher-order levels. The gauge transformations change with respect to
the “free” theory. In this context, the matter fields are endowed at the first
order in the coupling constant with the gauge version of the purely matter
global transformation multiplied by the ‘background’ potential U (ϕ). Re-
lated to the new gauge transformations of the BF field sector, we note that
the gauge transformation of the original U (1)-abelian vector is not modified.
By contrast, the gauge transformations of the other one-form present in the
BF field spectrum are enriched with first-order (in the interaction parameter)
terms, of which one is linear in the matter current and involves the deriva-
tive of the ‘background’ potential, while the others depend only on the BF
fields. The gauge transformations of the remaining BF fields (one scalar and
one two-form) are also modified at the first order in the coupling constant,
but only through terms that involve the BF field spectrum. The deformed
gauge generators preserve the original second-stage reducibility, but the re-
ducibility relations of the interacting model only hold on-shell. Moreover,
the initial abelian gauge algebra is deformed into an open one. In the case
where the matter current is not invariant under the gauge version of the
initial one-parameter global symmetry we expect that the consistency of the
deformed solution to the master equation at higher orders in the coupling
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constant may impose certain restrictions on the ‘background’ potential. The
theoretical part of the paper has been exemplified on two kinds of matter
fields, namely, the massive complex scalar theory and the massive spin 3/2
model. In the first case, the conserved current is not invariant under the
gauge version of the global symmetry, and consequently there appear non-
trivial interactions between the complex scalar field and the BF theory, but
at the second-order in the constant coupling only. Meanwhile, the ‘back-
ground’ cannot effectively depend on the scalar field from the BF-sector; it
is restricted to be constant. In the other situation, the conserved current is
gauge invariant, so the deformation procedure stops after the first order and
the ‘background’ is fully manifested.
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